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A graph is said to be exceptional if it is connected, has least eigenvalue greater than
or equal to 2; and is not a generalized line graph. Such graphs are known to be
representable in the exceptional root system E8: We determine the maximal
exceptional graphs by a computer search using the star complement technique,
and then show how they can be found by theoretical considerations using a
representation of E8 in R
8: There are exactly 473 maximal exceptional graphs. # 2002
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CVETKOVIC´ ET AL.3481. INTRODUCTION
In this section we give some deﬁnitions and preliminary results, with
subsections which describe two existing approaches to the study of
exceptional graphs. Section 2 contains a presentation of the maximal
exceptional graphs and their properties as obtained by a computer search. In
Section 3 we show how to describe and determine the maximal exceptional
graphs by theoretical means.
1.1. Exceptional Graphs and Root Systems
An exceptional graph is a connected graph with least eigenvalue greater
than or equal to 2 which is not a generalized line graph. Exceptional
graphs ﬁrst appeared in the context of spectral characterizations of certain
classes of line graphs by A.J. Hoffman and others in the 1960s (see for
example [14, pp. 12–14]). The key paper [6] introduced root systems as a
means of investigating graphs with least eigenvalue 2; in particular, it was
shown by this technique that an exceptional graph has at most 36 vertices
and each vertex has degree at most 28. The regular exceptional graphs, 187
in number, were found in [3, 4], but the problem of ﬁnding a suitable
description of all the exceptional graphs remained open. Generalized line
graphs have been studied in [10, 16]. Much information on these topics can
be found in the monographs [2, 7, 9] and in the expository paper [5]. Here,
we determine the exceptional graphs which are maximal in the sense that
every exceptional graph is an induced subgraph of (at least) one such graph.
It is well known that an exceptional graph G is representable in the root
system E8 (see [7, Chap. 3] or [2, Chap. 3]). This means that if G has A as a
ð0; 1Þ-adjacency matrix then I þ 1
2
A is the Gram matrix of a set of normalized
vectors in E8; explicitly, if fe1; . . . ; e8g is an orthonormal basis for R
8 then
4Aþ 8I is the Gram matrix of a subset of the following set of 240 vectors
(cf. [3]):
type a: 28 vectors of the form aij ¼ 2ei þ 2ej; i; j ¼ 1; . . . ; 8; i5j;
type a0: 28 vectors opposite to those of type a;
type b: 28 vectors of the form bij ¼ 2ei  2ej þ
P8
k¼1 ek;
type b0: 28 vectors opposite to those of type b;
type c: 56 vectors of the form cij ¼ 2ei  2ej; i; j ¼ 1; . . . ; 8; i=j;
type d: 70 vectors of the form dijkl ¼ 2ei  2ej  2ek  2el þ
P8
s¼1 es
with distinct i; j; k; l 2 f1; . . . ; 8g;
type e: 2 vectors e and e; where e ¼
P8
i¼1 ei:
These 240 vectors determine 120 lines at 608 or 908: As in [3] let Oð8; 2Þ
denote the graph which has these lines as vertices, with two vertices adjacent
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automorphism group of Oð8; 2Þ is transitive on vertices and edges. Thus,
the root system E7 can then be realized as the set of 126 vectors which
determine the 63 lines orthogonal to a given line, and E6 as the set of 72
vectors which determine the 36 lines orthogonal to a pair of lines at 608:
For future reference, we note that the line graph LðK8Þ can be represented
by all vectors of type a; or by all vectors of type b: in both cases the Gram
matrix of the vectors is 8I þ 4A; where A is an adjacency matrix of LðK8Þ:
Replacing some vectors of type a by the corresponding vectors of type b (or
vice versa) is equivalent to switching with respect to those vectors in the
sense of Seidel [7, p. 59]. We say that two graphs are switching-equivalent if
one can be obtained from the other by switching.
The problem of ﬁnding all the maximal exceptional graphs, well known
from the literature, is posed explicitly in [2, p. 107]. It is equivalent to the
problem [5] of ﬁnding all the graphs which are maximal with respect to the
property of being representable in E8: To see this, suppose that the class of
graphs representable in E8 contains as a maximal graph a generalized line
graph G: Then G can be represented in a root system Dn [7, p. 52]. By the
maximality of G; Dn contains E8; a contradiction (cf. [2, p. 101]).
1.2. Exceptional Graphs and Star Complements
We take G to be a simple graph with vertex set V ðGÞ ¼ f1; . . . ; ng; and
with ð0; 1Þ-adjacency matrix A: Let P denote the orthogonal projection of Rn
onto the eigenspace EðmÞ of A; and let fe1; . . . ; eng be the standard
orthonormal basis of Rn: Since EðmÞ is spanned by the vectors Pej ðj ¼
1; . . . ; nÞ there exists X 
 V ðGÞ such that the vectors Pej ðj 2 X Þ form a basis
for EðmÞ: Such a subset X of V ðGÞ is called a star set for m in G: (The
terminology reﬂects the fact that the vectors Pe1; . . . ; Pen form a eutactic star
in the sense of Seidel [25]. In the context of star partitions [14, Sect. 7.1], star
sets are called star cells.) An equivalent deﬁnition which is useful in a
computational context is the following: if m has multiplicity k then a star set
for m in G is a set X of k vertices of G such that m is not an eigenvalue of
G X [14, Theorem 7.2.9]. Here G X is the subgraph of G induced by %X ;
the complement of X in V ðGÞ: Accordingly, the graph G X is called the
star complement for m corresponding to X : (Such graphs are called m-basic
subgraphs in [21].)
The following fundamental result combines the Reconstruction Theorem
[14, Theorem 7.4.1] with its converse [14, Theorem 7.4.4].
Theorem 1.1. Let X be a set of vertices in the graph G and suppose that G
has adjacency matrix AXB
BT
C
 
; where AX is the adjacency matrix of the
subgraph induced by X. Then X is a star set for m in G if and only if m is not an
CVETKOVIC´ ET AL.350eigenvalue of C and
mI  AX ¼ BT ðmI  CÞ
1B: ð1Þ
Note that if X is a star set for m then the corresponding star complement
H ð¼ G X Þ has adjacency matrix C; and Eq. (1) tells us that G is
determined by m;H and the H -neighbourhoods of vertices in X : In this
situation, let jV ðH Þj ¼ t and deﬁne a bilinear form on Rt by hx; yi ¼
xT ðmI  CÞ1y: Denote the columns of B by bu ðu 2 X Þ: To discuss graphs
with a prescribed star complement we shall use the following consequence of
Theorem 1.1.
Corollary 1.2. Suppose that m is not an eigenvalue of the graph H :
There exists a graph G with a star set X for m such that G X ¼ H if and only
if the characteristic vectors bu ðu 2 X Þ satisfy
(i) hbu; bui ¼ m for all u 2 X ; and
(ii) hbu; bvi 2 f1; 0g for all pairs u; v of distinct vertices in X :
If G has H as a star complement for m with corresponding star set X then
each induced subgraph G Y ðY 
 X Þ also has H as a star complement for
m: Moreover, any graph with H as a star complement for m is an induced
subgraph of (at least one) such graph for which X is maximal, because H -
neighbourhoods determine adjacencies among vertices in a star set.
Accordingly, in determining all the graphs with H as a star complement
for m; it sufﬁces to describe those for which a star set X is maximal. We call
such graphs H -maximal; they always exist when m= 1; 0 because then
distinct vertices of X have distinct H -neighbourhoods [14, Corollary 7.3.6],
and it follows that jX j is bounded by 2t: In fact, jX j41
2
ðt  1Þðt þ 4Þ when
t > 1 and m= 1; 0 [22]. This bound of order 1
2
t2 is asymptotically best
possible as t !1 because in LðKtÞ the eigenspace of 2 has codimension t:
In any case there are only ﬁnitely many graphs with a prescribed star
complement for an eigenvalue m= 1; 0; and this is the basis for several
characterizations of graphs by star complements (cf. [15, 23]).
For D 
 V ðH Þ let HD denote the graph obtained from H by adding a
vertex with D as its neighbourhood. For m 2 R letSðH ;mÞ be the set of those
D for which m is an eigenvalue of HD but not of H : When SðH ;mÞ is not
empty it is convenient to deﬁne the extendability graph GðH ;mÞ on SðH ;mÞ
as follows: D1 is adjacent to D2 in GðH ;mÞ if and only if D1;D2 feature as H -
neighbourhoods in a ðt þ 2Þ-vertex graph for which H is a star complement.
If we identify a set D with its characteristic vector, this graph is the
‘compatibility graph’ of Ellingham [21, Algorithm 2.4]: the vertices of
GðH ;mÞ are the ð0; 1Þ-vectors b in Rt such that hb; bi ¼ m; and b1  b2 if and
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that G X ¼ H now corresponds to a maximal clique in GðH ;mÞ:
Now let G be a graph with least eigenvalue 2: It is proved in [16] that G
is exceptional if and only if it has an exceptional star complement for 2:
Such a star complement has least eigenvalue greater than 2 (by interlacing)
and hence is one of 573 graphs of the following types [20]:
(i) one of 20 graphs on 6 vertices representable in E6;
(ii) one of 110 graphs on 7 vertices representable in E7 (but not E6Þ;
(iii) one of 443 graphs on 8 vertices representable in E8 (but not E7Þ:
The graphs of type (iii) are one-vertex extensions of graphs of type
(ii), which are in turn one-vertex extensions of graphs of type (i). The
443 graphs of type (iii) are described in [5]. The 110 graphs of type
(ii) are identiﬁed in [11] by means of the list of 7-vertex graphs in [8].
The 20 6-vertex graphs of type (i) are identiﬁed in [13]: they belong to the
familyF of 31 minimal forbidden subgraphs which characterize generalized
line graphs, the other 11 having least eigenvalue less than 2 [10].
Accordingly a graph is exceptional if and only if its least eigenvalue is
greater than or equal to 2 and it contains as an induced subgraph one of
the 20 graphs of type (i) [16, Proposition 3.1]. Since F was determined in
[20] independent of root systems, the star complement technique provides a
means of determining the exceptional graphs without recourse to root
systems.
In order to describe the exceptional graphs representable in E6; it
sufﬁces to ﬁnd the H -maximal graphs for a star complement H of type
(i); for those representable in E7 (but not E6Þ we take H to be of type (ii);
while if H is of type (iii), the H -maximal graphs are precisely the
maximal exceptional graphs. (Note that since E8 is an extension of
E6 and E7; each H -maximal graph of type (i) or (ii) is an induced
subgraph of an H -maximal graph of type (iii).) The H -maximal
graphs in question have been obtained by one of the authors (M.L.) using
a program (called ‘Star’) which implements the above algorithm for ﬁnding
maximal star sets from maximal cliques in an extendability graph (cf. also
[11]). Ten H -maximal graphs arise when H is of type (i), and they are
described in [11, Example 5]. When H is of type (ii) we obtain 39 H -maximal
graphs, and a few details are given in [16, Sect. 3]. It was an enormous
task to generate all the maximal graphs starting from the 443 star
complements of type (iii). For example, in a particularly difﬁcult case a
PC-586 computer took about 24 h to produce all 1 048 580 maximal graphs,
which fall into 457 isomorphism classes. It turns out that there are 473
maximal exceptional graphs in all, and some data concerning them are given
in the next section.
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2.1. We introduce the following notation:
(a) the 443 exceptional star complements on 8 vertices are denoted by
E001;E002; . . . ;E443;
(b) the 473 maximal graphs generated from the star complements in (a)
are denoted by M001;M002; . . . ;M473:
In both cases the graphs are ordered by the number of vertices, the
number of edges (M003 excepted), and then by vertex degrees, with all these
invariants in non-decreasing order.
2.2. The distribution over number of vertices of the graphs (b) is as
follows:
Number of vertices 22 28 29 30 31 32 33 34 36
Number of graphs 1 1 432 25 7 3 1 2 1
2.3. Here, we tabulate some further data concerning the 473 maximal
exceptional graphs. In Table I, n denotes the number of vertices, m the
number of edges, and l1 the largest eigenvalue, or index, of a graph. In all
cases graphs with the same index are cospectral. Full details can be found in
the technical report [12].
2.4. For any graph G; the cone over G is the graph K1rG obtained from G
by adding a new vertex adjacent to all vertices of G: The maximal
exceptional graphs with 29 vertices are all cones except for two, namely
M417 and M428: The graph M417; with index 17.3899, breaks a sequence of
8 cospectral graphs with index 17.2462; a similar remark applies to the
graph M428: Graphs M001 and M002 are not cones while those on more
than 29 vertices cannot be since the maximal vertex degree of graphs
representable in E8 is 28. The graph M007 is the cone over LðK8Þ while
M004–M006 are cones over the Chang graphs [14, Example 1.1.2]. The
graph M003 is the double cone K2rG where G is the Schl.aﬂi graph [7, p. 32].
2.5. Except for the graphs M417 and M428; the spectrum of a graph on 29
vertices has the form
x; 46; y; ð2Þ21;
where xþ y ¼ 18: It follows that the number of edges is given by 252 xy:
Other graphs do not have this property.
TABLE I
n m l1 Number of graphs Graph names
22 140 14 1 M001
28 224 17 1 M002
29 271 19 1 M003
196 14 4 M004–M007
199 14.2915 11 M008–M018
200 14.3852 10 M019–M028
203 14.6569 17 M029–M045
204 14.7446 21 M046–M066
207 15 23 M067–M089
208 15.0828 29 M090–M118
211 15.3246 32 M119–M150
212 15.4031 27 M151–M177
215 15.6332 29 M178–M206
216 15.7082 26 M207–M232
219 15.9282 25 M233–M257
220 16 30 M258–M287
223 16.2111 25 M288–M312
224 16.2801 24 M313–M336
227 16.4833 17 M337–M353
228 16.5498 14 M354–M367
231 16.7460 15 M368–M382
232 16.8102 13 M383–M395
235 17 9 M396–M404
236 17.0623 10 M405–M414
239 17.2462 2 M415–M416
239 17.3899 1 M417
239 17.2462 6 M418–M423
240 17.3066 3 M424–M426
243 17.4853 1 M427
243 17.5887 1 M428
243 17.4853 1 M429
244 17.5440 2 M430–M431
247 17.7178 1 M432
248 17.7750 1 M433
255 18.1652 1 M434
30 256 17.8913 2 M435–M436
256 17.9589 1 M437
256 17.8913 2 M438–M439
259 18.0539 1 M440
260 18.1075 1 M441
264 18.3190 1 M442
276 18.9282 1 M443
244 17.2111 2 M444–M445
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Table I (continued)
n m l1 Number of graphs Graph names
247 17.3859 3 M446–M448
248 17.4434 2 M449–M450
251 17.6139 2 M451–M452
252 17.6700 4 M453–M456
255 17.8365 3 M457–M459
31 269 18.2621 1 M460
272 18.4136 1 M461
272 18.4462 1 M462
272 18.4136 1 M463
273 18.4637 1 M464
276 18.6125 1 M465
284 19 1 M466
32 290 18.9833 1 M467
291 19.0292 1 M468
295 19.2111 1 M469
33 309 19.5498 1 M470
34 326 20 2 M471–M472
36 364 21 1 M473
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x; y; 45; z; ð2Þ22;
where xþ y þ z ¼ 24: Other graphs do not have this property.
The graph M001 was found by Bridges and Mena [1] as an example of a
non-regular graph with just three distinct eigenvalues. The exceptional
graphs with this property were found by van Dam [18], and the maximal
ones are as follows, with the spectra shown:
M001 14; 27; ð2Þ14;
M0042M007 14; 47; ð2Þ21;
M473 21; 57; ð2Þ28:
The graph M473 was the only maximal exceptional graph previously
known (cf. [6]).
The graphs M002; M471 and M472 have four distinct eigenvalues.
2.6. The following 9 graphs, in the role of a star complement, give rise to
all maximal graphs except for M007: E424; E426; E432; E433; E435; E436;
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maximal graphs. The graph M007 has 39 non-isomorphic exceptional star
complements. Each of the graphs E001; E009 and E023 generates 14
maximal graphs. Other exceptional star complements generate a larger
number of maximal graphs. Each of the maximal graphs which is not a
29-vertex cone has E443 as a star complement.
2.7. All of the maximal exceptional graphs are non-regular. We give some
data on their vertex degrees:
M001 1614; 78
M002 227; 1614; 107
M417 26; 242; 1816; 128; 102
M428 262; 22; 1816; 146; 104
M437 262; 241; 208; 178; 161; 142; 134; 114
M462 263; 224; 198; 164; 156; 126
M467 281; 254; 223; 203; 1712; 147; 122
M468 281; 262; 242; 216; 186; 166; 152; 143; 134
M469 282; 243; 216; 189; 156; 146
M470 282; 262; 234; 206; 178; 158; 143
M471 284; 2210; 1620
M472 283; 255; 1910; 1615; 131
M473 288; 1828
In M001; the vertices of degree 16 induce the cocktail-party graph 7K2;
while the remaining 8 vertices form a coclique. In M002; the 7 vertices of
degree 10 form a coclique.
2.8. The two 34-vertex graphs M471 and M472 share the spectrum
20; 54; 43;226:
They have the same main angles [14, Sect. 4.5], and this implies that their
complements are cospectral with eigenvalues
15; 125;1;53;64:
However, they have different vertex degrees and hence different angles
[14, Sect. 4.2]. In both graphs the diameter is 2 and, in particular, all vertices
have eccentricities equal to 2.
2.9. The graphs M001;M002;M417;M428;M437 and M462 have all
vertex degrees smaller than 28. All other maximal graphs have at least one
vertex of degree 28.
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The results of the computer search now reveal how the maximal
exceptional graphs may be found by theoretical means (in principle, without
recourse to a computer). First, we partition the maximal exceptional graphs
into three types: (a) those which are 29-vertex cones, (b) those which have a
vertex of degree 28 but have more than 29 vertices, (c) those in which each
vertex has degree less than 28. Those of type (a) are then easily dealt with
(see Proposition 3.1). In subsection 3.1 we show how those of types (b) and
(c) can be found by means of root systems. In subsection 3.2 we show how
those of type (b) or (c) can be found as extensions of just one star
complement.
According to Section 2, there are 430 graphs of type (a), 37 of type (b) and
6 of type (c). Note that here we do not verify all of the computer results
independently, but we illustrate how this can be done using either or both of
the two approaches discussed in Section 1.
3.1. Maximal graphs and root systems
It follows from the proof of Cameron et al. [6, Lemma 1.10] that a 29-
vertex cone with 2 as least eigenvalue, of multiplicity 21, is a cone over a
graph which is switching-equivalent to LðK8Þ: The representation of E8 in
Section 1 enables us to say a little more (cf. [3, Theorem 3.3]).
Proposition 3.1. If a graph, represented in E8; contains a vertex of
degree 28, then its neighbours induce a subgraph switching equivalent to LðK8Þ:
Proof. Since the graph Oð8; 2Þ is transitive, we may assume that the
vertex of degree 28 is represented by the vector e: Then its neighbours are
represented by vectors of type a or of type b: ]
Proposition 3.2. In an exceptional graph, the vertices of degree 28, if
any, induce a clique.
Proof. If G is an exceptional graph with two non-adjacent vertices of
degree 28, we may take one to be e and the other to be a vector v of type c or
d: Then v has inner product 4 with just 6 vectors of type a and just 6 vectors
of type b: Since G has at most 36 vertices, v has degree at most ð36229Þ þ 12;
a contradiction. ]
It follows from Proposition 3.1 that a maximal exceptional graph of type
(a) is a cone over a graph switching equivalent to LðK8Þ: In order to describe
the maximal graphs of type (b), we ﬁrst establish a criterion for the
maximality of such a cone. Let GðP Þ denote the cone over the graph
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is a spanning subgraph of K8: (Thus for each edge ij of P the a type vector
2ei þ 2ej is replaced by the corresponding b type vector e 2ei  2ej:) We
deﬁne properties (I), (II) of P as follows:
(I) P has a 4-clique and a 4-coclique on disjoint sets of vertices,
(II) P has six vertices adjacent to a seventh and non-adjacent to the
eighth.
These conﬁgurations are called dissections of P of type I or II. A
dissection of type I yields a partition of the vertex set into two subsets of
cardinality 4, while a dissection of type II yields a partition into subsets of
cardinalities 6 and 2.
Now we can characterize the cones which are not maximal:
Theorem 3.3. The graph GðP Þ is maximal if and only if P cannot be
dissected (that is, P has neither property (I) nor property (II)).
Proof. The graph GðP Þ is not maximal if and only if a vector of type c or
d can be added to the 29 vectors of types a; b and e described in the proof of
Proposition 3.1. The presence of a vector v of type c or d excludes 6 vectors
of type a and 6 vectors of type b; and so forces the presence of 6 vectors of
type b and 6 vectors of type a (along with one of type e and one of type c or
d). The 6 vectors of type a which are included correspond to six edges of P ;
and the 6 vectors of type a which are excluded correspond to six non-edges
of P : These conditions are reﬂected in property (I) or (II) according as v is of
type d or c: ]
Theorem 3.4. Let G be an exceptional graph with 29þ k vertices ðk50Þ;
and suppose that G has a vertex u of degree 28. Let Y be the set of vertices not
adjacent to u: Then G is a maximal exceptional graph if and only if G Y is
isomorphic to a cone GðP Þ in which P has exactly k dissections.
Proof. As before we take u to be the vector e; so that u and its 28
neighbours (of type a or b) induce a subgraph GðP Þ: An exceptional graph
may be obtained from GðP Þ by adding a vertex of type c or d if and only if P
admits the corresponding dissection. Accordingly, it sufﬁces to show that
any two vertices which may be added individually may also be added
simultaneously. Suppose that the additional vectors are v and w; each of
type c or d: Each is adjacent to a neighbour of e and so vþ w=0: There are
three cases to consider: (i) v and w are both of type c; (ii) v and w are both of
type d; (iii) v is of type c and w is of type d: In each case we suppose by way
of contradiction that v and w cannot be added simultaneously, that is, the
inner product of v and w is negative.
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then both a13 and b13 are excluded, a contradiction. In case (ii) we may take
v ¼ d1234; w ¼ d4567 without loss of generality; but then both a23 and b23 are
excluded, a contradiction. In case (iii) we may take v ¼ c12; w ¼ d1345
without loss of generality; but then both a26 and b26 are excluded, a
contradiction. ]:
Thus, we can determine the maximal exceptional graphs of type (b) by
ﬁrst ﬁnding the graphs P which have a dissection. Note that (i) P and %P have
the same dissections and (ii) GðP Þ ¼ Gð %PÞ: Therefore we shall say that
maximal exceptional graphs of the type described in Theorem 3.4 are
generated by sets fP ; %Pg:
Examples 3.5.
(i) If P ¼ K1;7 then P has exactly 7 dissections, all of type II, and the
graph M473 is obtained by adding 7 vectors of type c to GðP Þ: The graph
M473 can also be obtained from GðP Þ when P ¼ K1rðK4 [ 3K1Þ: No other
set fP ; %Pg generates M473:
(ii) If P ¼ K1 [ ðK1rðK4 [ 2K1ÞÞ then P has exactly 5 dissections and
we obtain M472 by adding the 5 corresponding vectors to GðP Þ: Three other
sets fP ; %Pg yield M472:
(iii) If P ¼ K5 [ 3K1 then P has exactly 5 dissections, all of type I, and
M471 is obtained from GðP Þ by adding 5 vectors of type d: Two other sets
fP ; %Pg yield M471:
(iv) If P ¼ K1rðP3 [ 4K1Þ then P has exactly 4 dissections and we
obtain M470 by adding the 4 corresponding vectors to GðP Þ: Six other sets
fP ; %Pg yield M470:
We have identiﬁed all the graphs P with at least one dissection. Since P
and %P yield the same maximal graphs, it sufﬁces to take just one
representative from fP ; %Pg: (Of course, at least one of the graphs P ; %P is
connected and so we can always select a connected representative.) Note
also that (i) if P has a dissection of type II then P or %P has an isolated vertex,
(ii) P can have at most 5 dissections of type I ; and (iii) P can have at most 7
dissections in all. (Note that (iii) provides another proof of the fact that an
exceptional graph has at most 36 vertices.)
We used a computer catalogue of connected graphs on 8 vertices to
establish that 350 of them have a dissection, and of these, 207 have a
disconnected complement. Among the remaining 143 graphs 3 are self-
complementary, and so we obtained 207þ 3þ 140=2 ¼ 280 representative
graphs. Taking these graphs in turn for P ; we can construct the
corresponding extensions of GðP Þ and thereby construct independently all
37 maximal exceptional graphs of type (b).
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Proposition 3.6. In a maximal exceptional graph, no vertex has
degree 27.
Proof. We may take e to be a vertex of degree528: By maximality there
is at least one pair fi; jg such that the vectors aij and bij are excluded by the
presence of certain vectors of type c or d: Now the vectors of type c or d
which exclude aij are those in the set Aij comprising chi ðh=i; jÞ; chj ðh=i; jÞ
and the vectors dpqrs for which fi; jg 
 fp; q; r; sg: Those which exclude bij
are those in the set Bij comprising cik ðk=i; jÞ; cjk ðk=i; jÞ and the vectors
dpqrs for which fi; jg \ fp; q; r; sg ¼ |: Note that the inner product of any
vector in Aij with any vector in Bij is non-positive; in particular, two non-
adjacent vectors v and w; each of type c or d; must be present. These vectors
v and w exclude aij and bij for two pairs fi; jg: (Explicitly, c12 and c34 exclude
a23; b23 and a14; b14; the vectors c12; d5678 exclude a23; b23 and a24; b24; the
vectors c56; d5678 exclude a57; b57 and a58; b58; and the vectors d3456; d5678
exclude a34; b34 and a78; b78:) It follows that e has at most 26 neighbours. ]
It follows that the maximal degree D of a maximal exceptional graph of
type (c) is at most 26. Moreover, the arguments above may be used to ﬁnd
the maximal exceptional graphs with a vertex of degree 26. For example, if
we take degðeÞ ¼ 26 and v;w to be non-adjacent vectors of type d then
without loss of generality v ¼ d5678; w ¼ d3456: Then the further vectors of
type c or d which may be added are pairwise adjacent and adjacent to each
of v;w: Without loss of generality, those of type d are d3567 and d4567; and
those of type c which can be added are c15; c16; c25; c26 (and each of these is
compatible with d3567 and d4567). Without loss of generality, a maximal set of
additional vectors is fd3567; d4567; c15; c16g or fd3567; d4567; c15; c25g: In each
case the 6 vectors of type c or d determine which of aij; bij is present for
each pair fi; jg=f3; 4g; f7; 8g; and we obtain a unique maximal exceptional
graph on 33 vertices (which in each case, according to subsection 2.3,
is the graph M470). The 33 vectors obtained in the ﬁrst case are shown
explicitly in Table II (where the types of vertices are as deﬁned in the next
subsection).
Among the maximal exceptional graphs with a vertex of degree 26 we can
easily identify those with D ¼ 26: We can modify the argument to ﬁnd all the
maximal exceptional graphs with D528: we take degðeÞ ¼ D and consider
the maximal number y of independent vertices of type c which are present.
Note that y44 and (i) if y ¼ 2 then D426; (ii) if y ¼ 3 then D422; (iii) if
y ¼ 4 then D416: In case (i) we ﬁnd M001; M002; M417; M428; M437 and
M462; in case (ii) we ﬁnd M002; and in case (iii) we ﬁnd M001: Details
appear in [17].
TABLE II
Vector a12 a13 a14 a15 a16 a17 a18 a23 a24 b25 b26 a27 a28 b35 b36 b37
Degree 28 23 23 15 15 20 26 17 17 15 15 14 20 20 20 15
Type H5 H7 H7 115 115 H7 H7 102 102 H6 H6 102 102 114 114 103
a38 b45 b46 b47 a48 b56 b57 b58 b67 b68 d5678 d3456 d4567 d3567 c15 c16 e
15 20 20 15 15 28 23 17 23 17 14 14 17 17 17 17 26
023 114 114 103 023 125 114 114 114 114 102 102 102 102 114 114 H7
TABLE III
Number 1 2 10 10 5 10 10 20 10 5
Type 125 115 114 023 024 102 103 012 011 001
125 } All All All All All All All All none
115 All All All All All All All (b) All
114 All All All All All (b) (a) (a)
023 All All (a) (b) (b) All (a)
024 All (a) All All (a) All
102 All (b) (a) All (a)
103 All (a) (a) All
012 (a) (a) All
011 All (a)
001 All
Note: (a) at least one common neighbour, (b) at least two common neighbours.
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According to subsection 2.9, all of the maximal exceptional graphs which
are not 29-vertex cones (i.e. are of type (b) or (c)) have the graph E443 as a
star complement for 2: In Theorem 3.7, we establish this result for graphs
of type (b) independent of the computer search. Note that the graph E443 is
the graph K1;2 [ 5K1; that is, the unique graph with one vertex of degree 5,
two vertices of degree 6 and ﬁve vertices of degree 7. We shall say that a
vertex of a corresponding star set is of type pqr if it has p; q; r neighbours in
H of degree 5; 6; 7 in H ; respectively.
Theorem 3.7. If G has the cone GðP Þ as a proper induced subgraph then G
has a star complement for 2 isomorphic to E443; and the corresponding star
set includes five vertices of type 114, one of type 115 and one of type 125.
Proof. Recall from the proof of Theorem 3.3 that GðP Þ contains e; 6
vectors of type a; 6 vectors of type b and a vector v of type c or d: Now
MAXIMAL EXCEPTIONAL GRAPHS 361consider a 15th vector w of type a or b (chosen from one of the remaining 16
such vectors in GðP Þ). We ﬁnd that the complement of the corresponding
graph on 15 vertices is the subdivision of K1;7 (with w as the central vertex),
and this graph contains an induced subgraph K1;2 [ 5K1: There are four
possibilities for the types of v and w; and in all four cases we ﬁnd that the
remaining 7 vertices have the types stated. ]:
Now to describe the maximal exceptional graphs of type (b), it sufﬁces to
determine the maximal star sets X with at least 22 vertices, including 7
vertices of the types prescribed. It follows from Corollary 1.2 that the
possibilities for vertices in X are: 1 of type 125, 2 of type 115, 10 of type 114,
10 of type 023, 5 of type 024, 10 of type 102, 10 of type 103, 20 of type 012,
10 of type 011 and 5 of type 001. Necessary and sufﬁcient conditions for the
simultaneous addition of vertices are obtained at the same time, and theseTABLE IV
Type 125 115 114 023 024 102 103 012 011 001
M473 1 2 10 10 5 0 0 0 0 0
1 2 10 0 5 0 10 0 0 0
M472 1 2 10 1 5 0 7 0 0 0
1 2 10 7 5 0 1 0 0 0
1 2 10 9 3 1 0 0 0 0
1 2 8 9 5 0 0 1 0 0
M471 1 2 10 4 5 0 4 0 0 0
M470 1 2 10 8 2 2 0 0 0 0
0 2 4 3 5 0 3 6 0 2
M469 1 2 10 3 5 0 3 0 0 0
M468 1 2 10 3 5 0 3 0 0 0
M467 1 2 10 2 5 0 4 0 0 0
M435 1 2 8 3 3 1 3 1 0 0
M428 1 2 6 3 3 1 3 2 0 0
M417 1 1 7 6 0 4 0 1 1 0
M002 1 2 10 2 1 2 2 0 0 0
M001 1 1 5 0 0 2 2 2 1 0
CVETKOVIC´ ET AL.362are listed in Table III. (For example, all vertices of type 023 may be added
simultaneously; any vertex of type 023 is compatible with any vertex of type
024; a vertex of type 023 and a vertex of type 102 are compatible if and only
if they have at least one common neighbour; no vertex of type 001 can be
added when the vertex of type 125 is present.)
Note that it may not be necessary to describe the H -neighbourhoods
explicitly. For example, the graph M470 may be obtained by adding vertices
of the following types: 1 of type 125, 2 of type 115, 10 of type 114, 2 of type
023, 8 of type 102 and 2 of type 103. From the restrictions in Table III, the
H -neighbourhoods are determined uniquely to within labelling of vertices,
and the corresponding vertices in X constitute a maximal star set. The
vertices are identiﬁed in Table II, where a vertex of type Hm indicates a
vertex in H whose degree in H is m: On the other hand, to distinguish M468
and M469 it is necessary to identify essentially different families of H -
neighbourhoods.
Note that different star sets can yield the same graph; for example the
graph M470 is also obtained by adding alternative vertices of the types listed
in Table IV, which provides some examples constructed by inspection of
adjacency matrices in the computer output.
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